reflection kernels are derived. Note that first forerunners in temporally dispersive slabs were treated in Ref. 11 . The outline of the present article is as follows. In Section 2, notation and basic equations are presented. In Section 3, the dispersive wave splitting is introduced and the dynamics of the split fields is derived. The reflection and the transmission kernels at normal incidence for a temporally dispersive, simple slab are obtained in Section 4 and they are approximated asymptotically with respect to the slowly varying components (second forerunner approximation) in Section 5. In Section 6, the analytic and asymptotic expressions are tested numerically for two well-known dispersion models. The low frequency components of the numerical values of the scattering kernels are utilized in Section 7 to reconstruct the first few susceptibility moments of the medium. Finally, in Section 8, conclusions are drawn.
Note, that many of the results summarized in Sections 2-4 can be found in Refs. 6 and 12.
Basic equations
Throughout this paper, scalars are typed in italic style, vectors in italic boldface style, and dyadics in Roman boldface style. The speed of light in vacuum is c 0 and the intrinsic impedance of vacuum η 0 . The source-free Maxwell equations are
∇ × E(r, t) = −∂ t B(r, t), ∇ × H(r, t) = ∂ t D(r, t).
(2.1)
All fields are assumed to be initially quiescent. This means that they all are zero before a certain time t, say t = 0. The constitutive relations of a temporally dispersive, nonmagnetic, simple (linear, homogeneous, and isotropic) medium in the absence of an optical response are [5] c 0 η 0 D(r, t) = E(r, t)+(χ * E)(r, t) c 0 B(r, t) = η 0 H(r, t), (2.2) 3 where χ(t) is the susceptibility kernel of the medium. The asterisk ( * ) denotes temporal convolution:
(χ * E)(r, t) = 
χ(t − t )E(r, t ) dt .
Due to causality, the kernel χ(t) vanishes for t < 0. Furthermore, it is supposed to be smooth and bounded for t > 0. In this paper, linearly polarized plane wave propagation through a temporally dispersive, isotropic slab is investigated, see Figure 1 . Only the case of the normal incidence is treated, i.e., the fields depend on depth z only. Suppose that the electromagnetic fields can be written as
where e x and e y are the unit vectors in x and y directions, respectively. Inside the slab, the Maxwell equations (2.1) together with the constitutive relations (2.2) give
Wave splitting
The dispersive wave splitting suggested by Rikte [12] and used in, e.g., Refs. 4, 6 is now adopted. Wave splitting is the change of the dependent vector field variables, such that the new variables, say E ± (z, t), represent the right-and left-going field components in the medium. Introduce [6, 12] 
The inverse transformation is given by
In the expressions above, the intrinsic impedance kernel Z(t) and the refractive kernel N (t) vanish for t < 0 and are well-behaved for t > 0. Furthermore, N (t) is the resolvent of Z(t), i.e.,
The aim of the dispersive wave splitting is to decouple the Maxwell equations. Differentiating (3.1) with respect to z, using (2.3) and (3.2), and demanding decoupled equations for E + and E − lead to the following equation for the kernel N (t):
This is a nonlinear Volterra integral equation of the second kind which is known to be uniquely solvable. The equations for the split fields read
Therefore, the split fields E + and E − represent right-and left-going fields, respectively, both inside and outside the slab. Coupling between E + and E − occurs only at the interfaces (z = 0 and z = d).
Reflection and transmission kernels for the slab
In this section, formulas for the transmission and the reflection kernels for a temporally dispersive, simple slab are obtained in a simple heuristic way. For a mathematically rigorous derivation see Ref. 12 .
First, the reflection and the transmission kernels for a temporally dispersive half-space are obtained. Consider a plane wave, E, η 0 H, normally incident on a dispersive half-space z > 0 with the refractive kernel N (t). In terms of the split fields, the situation outside the slab is as follows: the incident and the transmitted fields have only right-going components and the reflected field has only left-going component, i.e.,
The boundary conditions imply that
The transmission and the reflection kernels for a dispersive half-space are defined as
respectively. Using these definitions, the boundary conditions (4.1), and the relations (3.2) one obtains
In the same way one can define the transmission and the reflection kernels, T 1 (t) and R 1 (t), respectively, viewed from the dispersive medium, i.e., for the case when a plane wave propagating in a dispersive half-space is incident on an interface between dispersive and nondispersive half-spaces. Calculations similar to the ones above show that
Now consider a plane wave propagating in a dispersive medium. The split fields E + and E − satisfy the Maxwell equations (3.5). The solution to (3.5) can be expressed in terms of the propagator operator [12] 
where
The wave-front propagator Q(z) and the propagator kernel P (z; t) in (4.4) are given
Prime in the expressions above denotes the classical time derivative. The propagator kernel P (z; t) satisfies the following Volterra integral equation of the second kind, which can be used to calculate P (z; t) numerically [3, 6] :
Now consider a dispersive slab with the refractive kernel N (t) occupying the region 0 < z < d. Suppose that a plane wave propagating in z-direction impinges normally on the slab at time t = 0. The wave is transmitted and reflected at the interface z = 0. Note that during the first round trip (0 < t < 2d/c 0 ), there is only right-going field component at z = 0+, because the wave splitting is perfect (i.e., right-and left-going components are not coupled) and the reflected wave from the second interface (z = d) has not yet arrived. Therefore, the total reflected field at
The transmitted wave propagates through the slab and at time t = d/c 0 the wave front reaches the second interface (z = d), where the wave is transmitted and reflected again. The total electric field at z = d+ for time 0 < t < d/c 0 is zero and for d/c 0 < t < 3d/c 0 (the second reflection from the interface z = 0 has not arrived at the point
The reflected wave propagates back through the slab and at time t = 2d/c 0 reaches the interface z = 0 and is reflected and transmitted one more time. So, for 0 < t < 4d/c 0 , the reflected field at z = 0− can be written as
This is illustrated in the reflection diagram in Figure 2 . So, finally, the transmission and reflection kernels for the slab, which are defined as
are given by
where the commutative properties of the scattering and propagator operators were used as well as the fact that P 2 (z) = P(2z). The expressions for the scattering kernels in (4.7) can be easily generalized to be valid for other times t: one just has to take into account more reflections at the interfaces. However, for the purposes of the present paper, the formulas (4.7) are sufficient. In Ref. 12, the reader can find expressions for the scattering kernels of a slab valid for all times.
Second forerunner approximation
In this section, time-domain techniques [6] is used to obtain the approximation of the scattering kernels with respect to the slowly varying components. First, approximate convolution with the susceptibility kernel as [6] 
where the moments are
The refractive kernel N (t) and the reflection kernel R 0 (t) are approximated in a similar way with the moments n k and r k , respectively. Having calculated the moments χ k one can easily obtain n k by substituting the expansions for χ * and N * (see the first equality in (5.1)) into (3.4) and balancing the coefficients in front of the time derivatives of all orders. Similarly, using the expansions for N * and R 0 * in (4.3), the moments r k can be obtained. For k = 1, 2, 3, one has
Introducing the approximation for N (t) into (4.4) gives the second forerunner approximation to the propagator operator (see Ref. 6 for the details):
Ai sign(n 3 ) where the index "B" stands for "Brillouin" and
· Improved approximations to the propagator operator containing convolutions of the hyper-Airy functions can be obtained, see Refs. 6 and 3. Introducing (5.3) and the approximation for R 0 (t) into the representations (4.7) give the second forerunner approximations to the scattering kernels. The first term in the second equation in (4.7) is omitted because it does not contain the propagator P(z) which is fundamental in the suggested approximation. The result is Using the well-known Airy equation, the approximations to the scattering kernels can be expressed as an algebraic combination of the exponential function, the Airy function, and its first derivative. The explicit expressions are easily obtained but are too lengthy to be presented in the paper. The main advantage with these expressions is that they are computationally cheap, i.e., one does not need large computer capacities to be able to compute them.
Numerical example
In this section, the general expressions derived above are applied to two different material models and subjected to numerical evaluation. The numerical results are obtained by the following procedure. First, use (3.4) to calculate the refractive kernel. Then, solve (4.6) to obtain the propagator kernel P (z; t) and use (4.5) to obtain the wave-front propagator. After that, calculate the reflection kernel for the dispersive half-space (4.3), and, finally, substitute the results into the representations (4.7). The approximations are obtained by first calculating the moments χ k , n k , and r k and then using (5.4).
The results are presented in Figures 3-8 . Note that time t in all the figures is the wave-front time, i.e., t = 0 at z = z 0 when the wave front reaches the point z = z 0 . It is given in units of d/c, while the amplitude is in units of c/d. The numerical and asymptotic results for the reflection kernel are compared with each other only for the second round trip (2d/c < t < 4d/c) because no second forerunner phenomena can be noticed during the first round trip (the propagator operator P(z) which forms the basis of the approximation is not contained in the expression for the reflection kernel during the first round trip). 
Lorentz medium
Suppose that the susceptibility kernel χ(t) for the material of the slab can be described by a single-resonance Lorentz model (e.g., solids at infra-red or optical frequencies) [7] :
where ω 0 , ω p , and ν are the harmonic, plasma, and collision frequencies of the medium, respectively, ν 0 = ω 
The moments n 1 , n 2 , n 3 and r 1 , r 2 , r 3 are given by (5.2). In Figures 3 and 4 (again: the transmissions through the interfaces do not have vital influence on the signal). A quick glance at the expression above, gives the conclusion that the behavior of the reflection kernel at the beginnings of the first and the second round trips must be similar, because the term R 0 (t − 2d/c 0 ) seems to give the dominant contribution to the kernel R at the beginning of the second round trip (recall that during the first round trip, R(t) = R 0 (t)). However, this is not the case, see Figure 5 . The low amplitude of the oscillations at the beginning of the second round trip may be explained in the following way. The propagation kernel P (z; t) for a dispersive Lorentz material for sufficiently large z can be written as a sum P 1 (z; t) + P 2 (z; t), where the first term represents rapidly oscillating components which are usually characterized by very high amplitudes and the second term represents slowly varying components of the kernel. The kernel P 1 (z; t) can be approximated using first forerunner approximation [6, 10] . The kernel P 2 (z; t) can be approximated by the procedure outlined above. As was mentioned in Ref. 10 , for large propagation depths (i.e., large z) the first forerunner kernel tends to the Dirac delta function −δ(t). The distance z = 2 · 10 −6 m is large in the optical domain. So the term R 0 * P 1 (2d; ·) in (6.1) nearly cancels R 0 . This is clearly demonstrated by Figure 5. 
Debye medium
Now suppose that the susceptibility kernel χ(t) of the slab satisfies the Debye model (e.g., polar liquids at microwave frequencies) [7] 
where α is a frequency and 1/β the relaxation time. The susceptibility moments are then given by 
Reconstruction of the susceptibility moments
The approximations (5.4) to the transmission and the reflection kernels for a dispersive slab contain only algebraic combinations of the exponential function, the Airy function Ai, and its first derivative: higher derivatives of Ai can be eliminated with the help of the well-known Airy equation, Ai (x) = xAi(x). The relatively simple structure of these approximations suggests the possibility to use them to reconstruct susceptibility moments χ k , k = 1, 2, 3, for an unknown slab from the transmission or the reflection kernels which are supposed to be known experimentally. Note that the moments χ k are essentially the coefficients in the Taylor series for the Fourier transform of the susceptibility kernel χ(t). The problem of constructing a function from the coefficients in its Taylor series is known to be ill-posed.
Expressions (5.4) can be considered as two three-parameter families of functions. (Recall that the moments n 1 , n 2 , n 3 and r 1 , r 2 , r 3 can be expressed in χ 1 , χ 2 , χ 3  through (5.2) .) The problem of finding the susceptibility moments for the slab can be formulated as the fitting problem: find the values of the parameters χ k , k = 1, 2, 3, such that the expressions (5.4) describe (the slowly varying components of) the scattering kernels in the best possible way (e.g., in the least-squares sense).
To exemplify this idea, the numerical values of the scattering kernels computed in Section 6 are now used to reconstruct the moments χ k , k = 1, 2, 3. The procedure is as follows. First, the low-frequency components of the kernels are extracted. This is required only for the Lorentz material, because there are no highly oscillating components in the scattering kernels for the Debye medium, cf. Figures 6-8 . For the Lorentz material, this can be accomplished by setting the transmission kernel equal to zero for t < 0.35 d/c and the reflection kernel equal to zero for t < 2.5d/c, see Figures 3 and 4 . After that, a function of three variables, χ 1 , χ 2 , and χ 3 , is defined by summing the squares of differences between the experimental values of the scattering kernel (say, the reflection kernel) and the approximation (5.4) at some time-points (the number of time-points in the examples presented in the tables below is 128). The final step is to minimize this function. For this purpose the function "fmins" in MATLAB 5.1 was utilized.
In the tables below, the results of the suggested procedure are presented. In the first rows of the tables, the exact values of the susceptibility moments for the 14 Lorentz and the Debye materials discussed in Section 6 are found. In the second rows, the moments reconstructed from the transmission data (transmission kernel T (t)) are given while the third row presents the moments reconstructed from the reflection data (the kernel R(t)). From the tables it follows that the reconstructed moments are closer to the exact ones for the Debye slab. This can be explained by the fact that the second forerunner approximations to the scattering kernels give better results for the Debye medium then for the Lorentz medium, cf. Figures 3, 4 , 6, and 7, and the suggested method is based on these approximations.
Conclusion
This paper concerns electromagnetic pulse propagation in temporally dispersive, simple slabs. The analysis is performed using time-domain techniques. The second forerunner approximations to the transmission and the reflection kernels are obtained by extension of time-domain methods introduced in Ref. 6 . The forerunners are expressed in terms of the Airy function, Ai. The numerical calculations are performed to obtain the exact (numerical) and the asymptotic values of the scattering kernels for two well-known dispersion models: the single-resonance Lorentz model and the Debye model. They show good agreement between the low-frequency components of the kernels and the second forerunner approximations. It should be mentioned that the approximations are computationally cheap: if it takes hours to compute the numerical values of the kernels it takes only seconds to get the second forerunner approximations. Note also that in experiments with Lorentz materials, it is easier to view the second forerunner in the reflection data then in the transmission data due to the fact that the high amplitude oscillations present in the transmission kernel (the first forerunner) are absent (or significantly damped) in the reflection kernel, cf. Figures 4-5 .
The slowly varying components of the scattering kernels can be used to reconstruct the first few susceptibility moments of the material by a least-squares fitting procedure. Mathematically this is equivalent to minimizing a certain function of several variables.
The analysis presented in this paper can be easily generalized to the case of biisotropic (or, more generally, bi-gyrotropic) materials. The complex time-dependent electromagnetic fields introduced in Ref. 3 can be then utilized.
